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1. Introduction
This writeup was inspired by three recent developments in collider physics. First, a Higgs-like
boson was discovered at CERN [1, 2], yet its precise identity remains unclear at present. Second,
the otherwise widely appreciated connection between the top quark and Standard Model’s Higgs
boson was further strengthened in Refs. [3, 4]. Finally, new results in precision top pair production
appeared [5, 6, 7], driving the precision in top physics to a quantitatively new level. In the following
we give two examples that illustrate the power of such precision results.
2. Tevatron: a comparison between alternative resummation approaches
Circa early 2012, the time this Workshop was held, the best theoretical precision in top pair
production was achieved through either NNLL threshold resummation [8, 9, 10] on top of the
NLO results or through approximate NNLO [11] calculations based on truncation of the resummed
NNLL results. A number of phenomenological studies appeared [10, 12, 13, 14, 15, 16, 17, 18, 19]
with numerical predictions that showed a significant spread.
The main reason behind such a spread was identified in Ref. [19] as due to missing NNLO
corrections that are not enhanced at threshold. Having the exact NNLO results for all partonic
channels but the gg-initiated one, one can try to validate this assertion. As a test case we take
the results of Refs. [19] and [18], both including NNLL soft-gluon resummation matched through
approximate NNLO. Both results resum directly the total inclusive cross-section. 1 There are
two main differences between these two calculations: different resummation approaches (in N-
and x-spaces, respectively) as well as different choices for the unknown two loop hard matching
constants.
The completion of the exact NNLO calculation for the Tevatron [5] allowed the extraction
of the relevant two-loop hard matching constant and the fixing of all dominant two-loop power
suppressed terms. Upon updating the results of Refs. [19] and [18] to promote them to full
NNLO+NNLL accuracy (at the Tevatron) it was established that the spread of the predictions de-
creased dramatically, see table 1. Such a comparison can be easily performed with the help of the
N-space x-space
approximate NNLO + NNLL 6.72+0.24
−0.41 [pb] 7.22+0.29−0.46 [pb]
exact NNLO + NNLL 7.07+0.14
−0.23 [pb] 7.15+0.21−0.20 [pb]
Table 1: Comparison between resummed predictions in N- and x-space matched to approximate or exact
NNLO.
programs Top++ [20] and TOPIXS [21], respectively, and it demonstrates that indeed the spread
in the numerical predictions is not (mainly) due to the different resummation formalisms. A sim-
ilar comparison has been performed in Ref. [21]. It will be very interesting to perform such a
comparison also at the LHC, once the complete gg-initiated NNLO correction becomes available.
1It is possible [9] to arrive at the resummed total inclusive cross-section by integration over the resummed differen-
tial distribution, as was done in [10, 14, 15, 16] . Different power suppressed terms are generated in this case.
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3. Examining the quality of an approximation based on the high-energy limit of the
cross-section
The variety of NNLO approximations for the total inclusive top pair cross-section was ex-
tended in Ref. [22] to include its high-energy limit, where the partonic energy s is much larger than
the mass of the top quark, i.e. ρ ≡ 4m2/s ≈ 0. It is well understood [23, 24, 25, 26, 27, 28] that in
this limit the cross-section exhibits logarithmic divergence:
σtot ≈ c1 ln(ρ)+ c0 +O(ρ) . (3.1)
The analytical result for the constant c1 in all partonic channels can be found in Ref. [29].
In Ref. [22] elegant arguments were given that allowed the authors to predict approximate
numerical values for the constant c0 in all partonic channels. It was noted there that the value of the
constant is important for stabilizing the behavior of the high-energy approximation. Subsequently,
the constants for the qq¯ and qg channels were computed in Refs. [6, 7] and found to agree with the
prediction of Ref. [22], within the numerical uncertainties. Two different applications of the high-
energy approximation have emerged in the literature since then; we discuss them in the following.
3.1 Application 1: Devising an approximation to the exact result
The authors of Ref. [22] argue that the high-energy limit of the cross-section, combined with
its known threshold behavior, can be used to provide an approximation that is valid in the full
kinematical region. In particular, they also argue that it can be used for improved phenomenological
predictions for top pair production at hadron colliders.
It was first pointed out in Ref. [30] that theoretical predictions including (or not) the approx-
imation of Ref. [22] differ about 7% with respect to each other. The source of this difference was
later investigated in Ref. [7] where the approximate result of Ref. [22] was compared with the exact
NNLO result in the qg initiated reaction. The shift in the hadronic cross-section at the LHC at 7
and 8 TeV due to the qg reaction alone was found to be about 5%. Such a difference is numerically
very significant since the overall contribution of the qg reaction at NNLO is only around 1%.
The conclusion in Ref. [7] was that the shape of the approximation [22] in the mid-region is
qualitatively different from the exact result. This region contributes significantly to the total cross-
section for typical LHC c.m. energies due to the shape of the parton fluxes. Further arguments why
such an approximation may not describe adequately the mid-range region can be deduced from the
exactly known NLO result: it was shown in Ref. [31] that power expansions of the cross-section,
around either the threshold or the high-energy limit are not well convergent and cannot describe
the mid-region even after the inclusion of a number of powers. In the following we investigate
the quality of the approximation of Ref. [22] also in the qq¯ reaction, which is now also known at
NNLO [5, 6].
Similarly to the qg-initiated reaction [7], from fig. 1 we conclude that in the mid-region the
approximation of the partonic cross-section deviates noticeably with respect to the exact result. The
significance of this difference becomes even more pronounced once the partonic cross-sections are
multiplied by the respective partonic flux, see fig. 2.
It is also easy to check that the contribution to the total cross-section at the Tevatron due to
the the difference between the exact NNLO and the best prediction of Ref. [22] leads to a shift of
3
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Figure 1: Various NNLO corrections to the partonic cross-section: the exact NNLO result (red) and the
approximation of Ref. [22] (black band; best prediction is in blue).
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Figure 2: Various NNLO corrections to the partonic cross-section times qq¯ partonic flux at Tevatron (left)
and LHC 8 TeV (right): exact NNLO result (red), exact NNLO excluding the non-singlet correction (NS)
[6] that contributes all the high-energy rise (green), and the approximation of Ref. [22] (black band; best
prediction is in blue).
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around 0.14 [pb] (a relative shift in the total cross-section of about 2%), which is similar in size to
the current scale variation at this collider.
3.2 Application 2: Improving the limiting behavior of the full (numeric) result
The leading high-energy behavior Eq. (3.1) is utilized in Refs. [7, 6] in the following way. The
calculation of the NNLO partonic cross-sections [5, 6, 7] is numeric, on a grid of finite number
of points (typically around 80). This implies that one cannot calculate the partonic cross-section
at, or close to, the two endpoints (threshold and high-energy limits) since both points are singular
and therefore any numerical calculation will inevitably break there. It is in these regions, between
the two kinematical endpoints and the lowest (highest) numerically computed point, where the
knowledge of the asymptotic behavior proves to be very useful: one requires the fit of the numerical
result to agree in both limits with the analytically known expansions, while the rest is covered by
the numerical calculation which is reliable away from the two endpoints.
As explained in Ref. [7] the error that one produces in this inherently numerical approach
is very small and phenomenologically irrelevant for productions of top quarks at any near-future
hadron collider. Applications at the LHC for very light quarks - like bottom - are likely also
possible, but the errors have to be re-assessed based on the criterion given in Ref. [7].
4. Conclusions
The level of precision in the description of top pair production at hadron colliders has increased
dramatically in the last one year. The NNLO results for all partonic channels but the gg-initiated
one have been calculated, and implemented in precision phenomenological studies. Comparing
these exact result with various approximations we conclude that the mid-region behavior of the
partonic cross-sections is very important and cannot be deduced from any available partial result
or approximation.
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